
  

Abstract -- Vernier machines achieve high torque densities 

and fit the demands of direct drives due to the usage of the 

magnetic gearing effect. Unfortunately, Vernier machines suffer 

from a poor power factor. Thereby, in analytic models the 

power factor depends on the permeance coefficients of the 

ferromagnetic flux modulation poles (FMPs), thus the FMP 

shape influences the power factor. Therefore, this paper 

investigates the optimal FMP shape using a multi-objective 

genetic algorithm based optimization to gain the Pareto frontier. 

For that purpose, the algorithm creates the FMP shape 

autonomously. The results show that an S-shaped sideline of the 

FMP is beneficial. 

 
Index Terms-- Vernier machine, tooth shape, multi-objective 

optimization, power factor, genetic algorithm 

I.   INTRODUCTION 

ERNIER machines offer a very high torque density at 

low rotor speeds. Therefore, they appear very attractive 

as direct drives [1]. Vernier machines achieve their high 

torque density due to the flux modulation of the magnetic 

field, as this offers a conceptual advantage in machine design 

compared to other PM machines [1]- [4]. As Vernier 

machines use the flux modulation principle, they belong to 

the new machine family of flux-modulation machines [4]. 

Since the flux-modulation machines typically consist of a 

stator, a flux modulator and a PM rotor, there are many 

different designs grouped in this machine family [4]. 

However, it seems advantageous for the machine design to 

decouple the number of stator slots from the number of FMPs 

to use a concentrated winding scheme in the stator [2]. This 

design is a variation of the conventional Vernier machine, 

which exhibits the same number of stator slots and FMPs [3]. 

However, due to the flux-modulation different FMP numbers 

in stator and rotor are possible. Consequently, this allows for 

combining a small stator pole number and a high rotor pole 

number, offering the advantage of a small rotor yoke height 

and a reduced rotor inertia combined with an increased 

winding area. Despite the low stator pole number, the Vernier 

machine with concentrated windings achieves a low base 

speed due to the magnetic gearing effect. However, the 

greatest disadvantage of Vernier machines is their low power 

factor [5] - [8]. Yet, if the machine design aims at a high 

torque density, it is still advantageous to use Vernier 

machines compared to conventional PM machines. 

Furthermore, optimization approaches mainly concentrated 

on improving the arrangement of stator and rotor [1], [7], [9], 

[10]. Thereby, the FMP shape of the investigated designs 
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always is assumed as rectangular [1] - [9]. Though, [10] 

investigates a different FMP shape for a passive magnetic 

gear. Despite the fact that the optimization refers to a 

magnetic gear, the shape of the FMPs is mostly predefined. 

In order to investigate the optimal FMP shape for a Vernier 

machine with concentrated windings, in this work the 

optimization algorithm autonomously generates the shape of 

the FMPs. Furthermore, the optimization considers multiple 

objectives and bases on a genetic algorithm. 

II.   VERNIER MACHINE 

A.   Principle of Operation 

The studied Vernier machine, shown in Fig. 1, exhibits a 

concentrated winding and different numbers of stator slots 

and FMPs [2], [5].  

 
Fig. 1: Vernier machine with concentrated winding 

The rotor comprises pr=24 pole pairs with surface mounted 

permanent magnets. Furthermore, the stator carries a three-

phase electric single tooth winding creating ps=3 pole pairs. 

Neglecting the FMPs, stator and rotor develop unequal space 

harmonics due to their different pole numbers. However, 

similar to a magnetic gear, torque generation for the 

fundamental waves, k=1, can be ensured by choosing the 

number of FMPs in the air gap to [11]: 

.srp ppn   (1) 

Thereby, it is sufficient to focus on the fundamental waves, as 

they utilize the maximum of the harmonic field. 

Consequently, np=27 FMPs are arranged in the air gap of the 

Vernier machine. Due to the flux-modulation, the rotor and 

the stator fields exhibit different rotational velocities, which 

relate by [11]:  
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Herein, Gr represents the gear ratio of the Vernier machine. 

Clearly, the rotor rotates Gr times slower than the stator field, 

c.f. , wherefore the machine achieves a low base speed 

even for low stator pole pairs and fits the demands of a 

direct-drive.  

B.   Initial design of the Vernier machine 

Since the machine is intended for low speed and high 

torque applications, the initial machine design mainly focuses 

on a preferably high torque density. Therefore, the design 

space of the active parts is limited to 150 mm in diameter and 

70 mm in length. Furthermore, Table I contains the 

dimensions and calculated specifications of the initial 

machine. The given specifications base on the results of a 2D 

finite-element analysis (FEA). However, the FEA neglects 

iron losses and AC losses, as they are insignificant compared 

to the resistance losses due to the low operation speed.  

Furthermore, a genetic algorithm based torque optimization 

yielded the shown design. 

TABLE I 
MACHINE DIMENSIONS & SPECIFICATIONS 

Parameter Value  

Stator yoke diameter 50 mm 

Stator diameter (without FMPs) 123 mm 

FMP height 5.25 mm 

Magnet height 2.61 mm 

Rotor height 5.15 mm 

Overall air-gap 0.75 mm 

Outer rotor diameter 150 mm 

Axial length 70 mm 

  

Current density 5 A/mm² 

Inverter voltage 48 V 

Winding turns 50 

Torque / Torque ripple 70.49 Nm / 7.94 % 

Torque density 56.98 Nm/l 

Rated speed 85 rpm 

Power factor 0.44 

The objectives of this design, a rated torque of 70 Nm and a 

torque ripple below 10%, focus on torque characteristics 

only. Yet, the very poor power factor of 0.44, c.f. Table I, 

makes it necessary to recognize the power factor as an 

additional design objective.  

C.   Power factor 

Investigated techniques to increase the power factor of a 

Vernier machine comprise applying Halbach magnets or 

reducing the q-current [12]. Yet, in the presented analytic 

power factor equations [5], [8], the power factor of Vernier 

machines depends on 
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the relation of the permeance coefficients. However, it is 

important to realize that in those models the permeance 

coefficients Λ0 and Λ1 result from modeling the airgap 

permeance 
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with a Fourier series of a rectangular pulse. In the analytic 

models the Fourier series (4) is simplified by focusing on the 

base harmonic k = 1.  Using FMPs of a different shape will 

change the permeance function (4) and their permeance 

coefficients, which will affect the power factor. Therefore, a 

relation between the FMP shape and the power factor is 

given. Consequently, the optimization of the FMP shape 

should consider the power factor as an objective besides the 

torque. 

III.   MACHINE DESIGN & OPTIMIZATION 

A.   Conventional methods to improve the power factor 

Prior to the optimization of the FMP shape, investigating the 

well-known techniques to increase the power factor of 

Vernier machines is worthwhile. Considering the initial 

design presented in Table I, a q-current reduction is not 

reasonable, because the machine will not accomplish the 

torque objective anymore. In contrast, the idea in applying 

Halbach magnets is to reduce the q-inductance, as the self-

shielding property of the Halbach array will not require a 

rotor yoke anymore [12]. However, removing the rotor yoke 

decreases the torque about 50 %, because the rotor yoke still 

hosts the main flux path [12]. Since removing the rotor yoke 

is not an option, Halbach magnets, as shown in Fig. 2, 

replace the radially magnetized magnets in this design. 

Compared to the radially magnetized magnets the torque 

increases about 9.36 Nm and the power factor about 0.04 

according to Table II.  
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Fig. 2: Halbach magnet arrangement replacing radial magnets 

TABLE II 
TORQUE AND POWER FACTOR FOR HALBACH MAGNETS 

 Current density 5 A/mm² Current density 4 A/mm² 

Torque 79,85 Nm 69,8 Nm 

Power 
factor 

0,48 0,53 

As the torque increases due to the Halbach structure, it seems 

promising to reduce the q-current to achieve a higher power 

factor. Thereby, it is possible to reduce the current density of 
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the machine from 5 A/mm² to 4 A/mm², while still achieving 

the projected mean torque. Due to the q-current reduction, 

the power factor increases again about 0.05, as shown in 

Table II. Furthermore, the q-current reduction has a positive 

side effect on the efficiency and the thermal behavior of the 

machine. Therefore, in contrast to the data given in Table I 

the initial design in the optimization uses Halbach magnets 

and applies a current density of 4 A/mm². 

B.   Optimization algorithm and constraints 

As already presented, the power factor is, besides the 

torque, an important design objective for Vernier machines. 

Therefore, the optimization algorithm has to consider 

multiple objectives. In a multi-objective optimization, the 

algorithm optimizes several objectives and retrieves the 

Pareto frontier of the problem. In contrast, it would be 

possible to use a single-objective algorithm with weightings. 

However, to compare the influence of different shapes on the 

machine parameters, it is advantageous to retrieve the Pareto 

frontier instead of one single optimum. For this reason, the 

optimization approach uses a multi-objective algorithm, 

wherefore deploying a genetic algorithm is a normative 

approach. Consequently, the algorithm utilized for the multi-

objective optimization is a controlled elitist genetic algorithm 

basing on NSGA-II [13]. Elitist algorithms favor individuals 

of the population having the best fitness values, while 

controlled elitist algorithms also favor individuals that 

increase the diversity of the population [13]. Alternatively, 

another promising algorithm for this problem could be the 

multi-objective particle swarm algorithm (MOPSO) 

presented in [14].  

However, to find an optimal FMP shape the algorithm 

should create the shape autonomously. Therefore, 6 points, 

shown in Fig. 3, define the FMP shape, whereby the 

algorithm chooses their position. 

Fig. 3: Symmetric FMP assembled by 6 points 

Since it is beneficial to work in polar coordinates, each 

point exhibits a radius R and an angle ϑ. The right top corner 

point could vary in R and ϑ direction, whereas the radii of the 

three right side points and the angles of the two top points are 

fixed depending on the position of the right top corner point. 

Thereby, the distance between the side points is 1/3 of the 

line length, while the distance between the top points is 1/5 of 

the angle between the left and the right top corner. Thus, 

every point except the right top corner point requires only 

one input parameter. However, using this method allows 

generating a symmetric FMP shape with only 7 input 

parameters. Yet, forcing a symmetric shape guarantees the 

same machine behavior in motor and generator operation. 

 Nevertheless, the algorithm needs constraints in order to 

create a functioning geometry. Since there are several 

different ways to connect a set of points, the most suitable 

method is to connect the points always in the same order. 

However, in this case it is necessary to prevent point 

constellations in which lines would intersect. For example 

intersection problems occur, if the radius of point 5 decreases 

while simultaneously the angle of point 3 decreases. 

Therefore, the first inequality constraint shown in Table III 

demands that ϑ5 > ϑ3 is valid for the point angles.  

                                       TABLE III 
GENETIC ALGORITHM CONSTRAINTS 

Inequality constraint 1 ϑ3 – 3/5·ϑ4 – 2/5·ϑSymm < 0 

Inequality constraint 2 2/3·R4 – R5 < –1/3·RStator 

Inequality constraint 3 R4 < RStator + hpp 

Inequality constraint 4 R5 < RStator + hpp 

Inequality constraint 5 R6 < RStator + hpp 

Equality constraint 1 hpp + hpm + hRotor < 12.9 mm 

Lower bound R4/5/6 RStator + 3.5 mm 

Upper bound hpp 7 mm 

Since ϑ5 is a dynamic angle depending on the angle of the 

corner point ϑ4, Table III expresses ϑ5 by ϑ4 and by the angle 

of the symmetry axis ϑSymm. In Addition, the second 

inequality constraint claims that R5 > R3, while R3 is a 

dynamic radius depending on the radius R4 of the corner 

point. Therefore, Table III expresses R3 through R4 and 

through the radius of the stator RStator. The two discussed 

constraints ensure, that point 5 is always left and always 

above point 3. This guarantees that the connection lines 

between the points 3 to 4 and between the points 5 to 4 will 

never intersect. Furthermore, due to the constraints point 3 is 

never left of point 6, therefore, no intersections are possible. 

However, the actual constraints omit considerations about 

point 2. Nevertheless, Table III defines 3.5 mm as lowest 

height for all top points. In addition, the maximum height of a 

FMP is set to 7 mm. Therefore, the maximum height of point 

2 is 2.33 mm, since point 2 is located at 1/3 of the line length. 

Consequently, due to the parameter bounds no interaction 

between the top points and point 2 is thinkable.  

Due to the replacement of the radial magnets with the 

Halbach arrangement shown in Fig. 2, the flux through the 

rotor yoke reduces and the flux through the FMPs increases. 

Therefore, the chosen heights for the rotor yoke, the FMPs 

and the magnets might not be optimal anymore. 

Consequently, the algorithm also varies the maximum height 

of the FMPs hpp, the height of the magnets hpm and the height 

of the rotor yoke hRotor. For this purpose, introducing the first 

equality constraint shown in Table III is essential. Thus, the 

algorithm forces the sum of hpp, hpm and hRotor to be equal to 

the remaining radial design space of 12.9 mm. Thereby, the 

minimum airgap between FMPs and magnets is 0.5 mm. 

Moreover, the considered gluing gap between magnets and 

rotor equals 0.25 mm.  However, as the algorithm changes 
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the maximum height of the FMPs hpp, the chosen value might 

be smaller than the upper bound for the radii R4, R5 and R6. 

Consequently, this results in an intersection of FMPs and 

magnets. Therefore, it is necessary to introduce the inequality 

constraints 3 to 5. Each inequality constraint forces the radius 

of one of the three top points to be smaller than the sum of 

the stator radius RStator and the chosen height of the FMPs hpp. 

Applying all the presented constraints listed in Table III 

ensures a geometry generation without any intersections.  

C.   Multi-objective optimization of the FMP geometry 

During the optimization, the algorithm simultaneously 
evaluates two design aspects of the machine. On the one 
hand, the algorithm seeks an optimal FMP shape. On the 
other hand, the algorithm investigates the optimal distribution 
of the radial design space by varying the heights hpp, hpm and 
hRotor. Besides the shape defining parameters and the heights, 
additional input parameters are the number of turns and the 
magnet relation. The magnet relation, c.f. Table IV, defines 
the width relation between radial and tangential oriented 
magnets in the Halbach arrangement presented in Fig. 2. 
Therefore, the algorithm optimizes the whole structure 
outside the stator using the 12 input parameters listed in 
Table IV. The deployed genetic algorithm is included in the 
MATLAB Optimization toolbox. Evolving a population size 
of 200 individuals over 102 generations ensures a converged 
solution. The algorithm stops if the weighted average relative 
change in the spread of the Pareto solutions is less than 0.01. 
This stopping criterion is sufficient, as the accuracy of the 
torque calculated by the FEA is in a similar range. 

TABLE IV 
GENETIC ALGORITHM INPUT PARAMETERS 

Angle point 1 ϑ1 
 

FMPs height hpp 

Angle point 2 ϑ2 
 

Magnet height hpm 

Angle point 3 ϑ3 
 

Magnet rel. ϑpm,t /( ϑpm,t+ ϑpm,r) 

Angle point 4 ϑ4 
 

Rotor yoke height hRotor 

Radius point 4 R4 
 

Number of turns N 

Radius point 5 R5 
  

Radius point 6 R6 
  

 
Fig. 4 illustrates the retrieved Pareto frontier of the solved 

optimization problem. Showing the two objectives, torque 

and power factor, on the x- and y-axis. Every point on the 

Pareto frontier represents a Pareto efficient parameter set, 

meaning it is impossible to improve one objective without 

degrading the other one. Thereby, the retrieved Pareto 

frontier consists of 61 points. Clearly, the power factor 

increases with decreasing torque and vice versa. Although, 

not all points on the Pareto frontier achieve the projected 

torque of 70 Nm. Therefore, only some parameter sets are 

relevant to the machine design. However, it is worthwhile to 

check the development of the FMP shape over the whole 

Pareto frontier. Thus, Fig. 5 shows the FMP shapes of 

different points along the Pareto frontier. Thereby, the shown 

shapes descend from the maximum torque point. 

Furthermore, every plot label contains the mean torque M 

and the power factor pf of the shown shape. The genuine 

FMP shape is curved, but as the radius is plotted over the x-

axis and the angle over the y-axis, the plot yields a straight 

shape. Moreover, the dotted grey line pictures the original 

FMP shape with a height of 5.25 mm and an angle of 6.66 

deg. The first thing to notice is that the algorithm reduced the 

height of the FMPs in all combinations to 4.35 mm. In 

Addition, the magnet height increases from 2.61 mm to 4.40 

mm and the rotor height decreases from 5.21 mm to 4.15 

mm.  
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Fig. 5: Variation of the optimal FMP shape on the Pareto front 

Furthermore, a change in the optimal shape from maximum 

torque to maximum power factor is observable in Fig. 5. In 

contrast to the classic FMP shape, the shape for higher power 

factors is clearly slighter. Additionally, the algorithm 

arranges the shape in a concave way, trying to reduce the 

 

Fig. 4: Pareto front of the optimization 
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stator leakage flux as much as possible. Indeed, this is a very 

reasonable approach, since the FMPs directly connect to the 

stator tooth and consequently offer an additional leakage path 

over their whole height. As the stator leakage flux only flows 

between the stator teeth, there is no contribution on the rotor 

torque. Consequently, the stator leakage flux has no 

contribution to the active power, but instead increases the 

reactive power. Therefore, a narrow FMP obviously reduces 

the stator leakage flux and increases the power factor. Yet, 

making the FMP shape smaller and slighter decreases the 

torque, because of an increasing magnetic resistance and 

arising saturation effects.  

However, moving along the Pareto front to FMP shapes 

offering higher torques, Fig. 5 displays a change in the 

optimal shape. The FMP shape for high torques exhibits a 

wide stator sided part and a slighter rotor sided part. Thereby, 

for the highest torque the stator sided part is even wider than 

that of the classic FMP shape. The resulting shape illustrates 

the struggle between expanding and lessening the FMP width 

to increase the torque or the power factor. Consequently, the 

algorithm tries to achieve the best trade-off between both 

objectives by using a wide stator sided body and a slight 

rotor sided top. 

In comparison, Fig. 6 sketches the optimal FMP design 

[10] retrieved for the passive magnetic gear. The shape 

equals a combination of a line and an arc segment. Thereby, 

in [10] three parameters define the FMP shape. However, the 

results for high torques, presented in Fig. 5, show rather an S-

shaped sideline than the combination of line and arc-

segments.  

 
Fig. 6: Sketch of optimal FMP design for a passive magnetic gear [10]  

Yet, as the objectives in [10] were torque and torque ripple, 

significant differences to Fig. 6 appear in the optimal shape 

for high power factors, since in this case the sideline of the 

FMP has a concave shape.  

However, to quantify the gained improvement it is 

necessary to choose one design from the Pareto front as 

shown in Fig. 4. As the design requires a torque of 70 Nm, 

picking the design with a torque of 69.97 Nm and a power 

factor of 0.66 is reasonable. In this design, the sideline of the 

FMP is S-shaped. Nevertheless, due to the optimization the 

power factor, compared to the initial design in Table II, 

increased from 0.53 to 0.66, resulting in an improvement of 

0.13, while still achieving the requested torque. Yet, the 

algorithm did not only change the FMP shape, furthermore 

the improvement splits up into two shares: a) the shape 

variation and b) the adjustment of the heights. Consequently, 

evaluating the same design with the classic rectangular FMP 

shape shows the improvements caused by the shape. Finally, 

Table V displays the results for the comparison of both 

designs. 

 

TABLE V 
COMPARING THE CLASSIC FMP SHAPE TO THE OPTIMIZED ONE 

 Optimized shape Classic shape Deviation 

Torque 69,97 Nm 67,18 Nm + 2,79 Nm 

Torque ripple 7,5 % 10.21 % - 2.71 % 

Power factor 0,66 0,63 + 0,03 

 

In contrast to the classic rectangular FMP shape, the chosen 

optimized shape improves the torque, the torque ripple and 

the power factor of the machine. The achieved torque is 2.79 

Nm higher than for the classic rectangular shape. In addition, 

the torque ripple decreases about 2.71 %, while the power 

factor increases about 0.03. However, it is striking that the 

optimized design for 67 Nm already offers a power factor of 

0.677 according to Fig. 4, which equals an increase of 0.047.  

However, the usage of the Halbach magnet arrangement 

improves the overall machine design. Yet, three main 

difficulties arise by the use of this arrangement. First, the 

manufacturing process takes more time, as the numbers of 

magnets increases. Second, the magnetization process gets 

more complex as two additional magnetization directions are 

present in the machine. Third, Halbach magnets are 

vulnerable to demagnetization [15]. This especially concerns 

the tangential magnetized magnets, as they are smaller than 

the radial one, but nearly host the same flux. In general, the 

magnetic field strength inside the Halbach magnets clearly is 

higher compared to a machine with radial magnets [15]. In 

addition, the corners of the magnets are a very critical part 

[15]. Therefore, it is important to consider the risk of 

demagnetization and the magnet temperature in the design 

process, when using a Halbach magnet arrangement. 

IV.   CONCLUSION 

This paper presented the results of a multi-objective 

genetic algorithm based optimization of the FMP shape for a 

Vernier machine with concentrated windings. The 

optimization objectives were torque and power factor. In 

addition, the algorithm autonomously created the FMP shape, 

while only limited by constraints prohibiting intersections. 

Due to the two objectives, using an S-shaped sideline offers a 

high torque, whereby the FMP is wider on the stator side. In 

contrast, a concave sideline shape produces a higher power 

factor, because the leakage flux reduces. The comparison of a 

selected point from the Pareto frontier shows, that using the 

optimized S-shaped sideline increases torque about 2.79 Nm 

and power factor about 0.03, whereby the torque ripple 

reduces around 2.71 %. Related to the absolute values of the 

classic shape, the torque and the power factor improved of 

about 4.15 % and 4.77 % due to the usage of the optimized 

shape. Consequently an S-shaped sideline of the FMP 

improves the overall machine performance compared to a 

rectangular shape. Since the usage of optimized shapes does 

not increase the manufacturing effort, it is beneficial to use 

optimized shapes on all accounts. 
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